Using a microscopic antikaon-nucleus optical potential recently developed by Ramos and Oset [10] from a chiral model, we calculate strong interaction energy shifts and widths for K − atoms. This purely theoretical potential gives an acceptable description of the measured data (χ 2 /num.data = 3.8), though it turns out to be less attractive than what can be inferred from the existing kaon atomic data. We also use a modified potential, obtained by adding to the latter theoretical one a s-wave term which is fitted to known experimental kaonic data (χ 2 /degree of freedom = 1.6), to predict deeply bound K − atomic levels, not yet detected. This improved potential predicts, in general, states even narrower than those recently reported by Friedman and Gal [9]. This reinforces the idea that these deeply atomic states can be detected and resolved by using suitable nuclear reactions. Besides, we also study K − andK 0 nuclear bound states and compute binding energies and widths, for both species of antikaons, in 12 C, 40 Ca and 208 Pb. Despite of restricting our study only to potentials obtained from best fits to the known kaonic atom data, the dynamics of these nuclear bound states depends dramatically on the particular optical potential used.
Introduction
Strong interaction shifts and widths of bound levels of hadronic atoms provide valuable information on the hadron-nucleus interaction at threshold [1] . We call deeply bound hadronic states those that cannot be detected by means of spectroscopic tools (i.e., analyzing the emitted X-rays when the hadron decays from one atomic level to another one in the electromagnetic cascade). This happens for low-lying levels where the overlap between the hadron wave-function and the nucleus is appreciable, and as a consequence the width due to strong interaction of the hadron with the nucleus is much larger than the electromagnetic width of the level. In these circumstances, the emission of X-rays is highly suppressed as compared to the hadron absorption by the nucleus. Indeed, the total decay width of the last observable level, using X-ray spectroscopy techniques, is two or three orders of magnitude larger than the upper one. Thus, the width of these deeply bound states are expected to be very large. If the half-width of a given level is equal or larger than the separation to the next level, then that state cannot be resolved. So only narrow deeply bound states can be resolved and detected. It is out of any doubt that the precise experimental determination of binding energies and widths of these states would provide a valuable insight into the complex dynamics of the antikaon-nucleon and antikaon-nucleus systems. Similar studies have been carried out for the pion case, where narrow deeply bound pionic atom states were predicted [2] [3] [4] , and have been recently detected using nuclear reactions [5] .
By using X-ray spectroscopy techniques, energy shifts and widths of kaonic atoms levels have been measured through the whole periodic table. 1 A compilation of data can be found in Refs. [1] and [6] . Some K − -nucleus optical potentials have been successfully fitted to experimental data [1, 6, 8] and recently used by Friedman and Gal to predict the existence of narrow deeply bound levels in kaonic atoms [9] . These authors find that the K − deeply bound atomic levels are generally narrow, with widths ranging for 50 to 1500 KeV over the entire periodic table, and are not very sensitive to the different density dependence of the K − -nucleus optical potentials that were used. Besides, they also note that, due to the strong attraction of the antikaon-nucleus optical potential, there must exist nuclear kaonic bound levels, deeper than the atomic states, which, in contrast, are expected to be very sensitive to the density dependence of the different optical potentials.
From the microscopical point of view, recently Ramos and Oset [10] have developed an optical potential for the K − meson in nuclear matter in a self-consistent microscopic manner. This approach uses a s-waveKN interaction obtained by solving a coupledchannel Lippmann-Schwinger equation 2 , in the S = −1 strangeness sector, with a kernel determined by the lowest-order meson-baryon chiral Lagrangian [11] . Though, a threemomentum cut-off, which breaks manifest Lorentz covariance, is introduced to regularize the chiral loops, the approach followed by the authors of [11] restores exact unitarity and it is able to accommodate the resonance Λ(1405). Self-consistency turns out to be a crucial ingredient to derive the K − -nucleus potential in Ref. [10] and leads to an optical potential considerably more shallow than those found in Refs. [1, 6, 8] . This was firstly pointed out by Lutz in Ref. [17] , where however, ηY channels were not included when solving the coupled-channel Lippmann-Schwinger equation for theKN interaction, in the free space. Another recent work [18] , where the medium modifications of antikaons in dense matter are studied in a coupled channel calculation, for scenarios more closely related to the environment encountered in heavy-ion collisions, also confirms the importance of self-consistency to find a similarly shallow potential. The depth of the real potential in the interior of nuclei is a topic of current interest in connection with possible kaon condensation in astrophysical scenarios [19] . 1 The dynamics of all these levels are greatly dominated by pure electromagnetic interactions and they do not correspond to what we call deeply bound states. 2 This approach is inspired in the pioneering works of Refs. [12, 13] . Similar extensions have been developed in the meson-meson sector [14] [15] [16] .
In this work we have three aims. First, to see how this new microscopical optical potential [10] , here after called V (1) opt , describes the known kaonic atom levels and, if possible, quantify its quality. Second, taking V (1) opt as starting point, without modification and also adding to it a phenomenological part fitted to the kaonic atom data, to give predictions of deeply bound kaonic atoms levels and compare them with previous predictions. Third, to calculate the binding energies and widths of the nuclear kaonic states for both K − andK 0 .
In Ref. [20] , some results obtained with the potential V (1) opt have been very recently reported. Here, we try to quantify the deficiencies of this interaction and give more reliable predictions for states not yet observed, thanks to the use of a potential which describes better the measured data. As a matter of example, the nuclear K − widths predicted in Ref. [20] are about a factor two bigger than those obtained in this work. Thus, all nuclear states given in Ref. [20] do have overlap with the continuum, their meaning thus being unclear. Furthermore, we also present here calculations for theK 0 -nuclear states, not mentioned in Ref. [20] at all.
The set of experimental data we have used through this work contains 63 energy shifts and widths of kaonic atom levels. Those are all data compiled in Refs. [1] and [6] except for the 3d energy shift in Helium and the 6h energy shift in Ytterbium. 3 We define the strong shift for each level by means of
where B and B c are the total and the purely electromagnetic binding energies, respectively. Both of them are negative, and thus a negative (positive) energy shift means that the net effect of the strong potential is repulsive (attractive). To compute de K − -nucleus bound states, we solve the Klein-Gordon equation (KGE) with an electromagnetic, V c , and a strong optical, V opt , potentials, it reads:
where µ is the K − -nucleus reduced mass, the real part of E is the total meson energy, including its mass, and the imaginary part of E, changed of sign, is the half-width Γ /2 of the state. Different models for V opt will be discussed in detail in the next section, whereas for V c (r) we use the Coulomb interaction taking exactly the finite-size distribution of the nucleus and adding to it the vacuum-polarization corrections [21] . Both the minimization numerical algorithm and the one used to solve the KGE in coordinate space, have been extensively tested in the similar problem of pionic atoms [4] .
Experimental kaonic atom data and the optical potentials
The K − -nucleus optical potential for kaonic atoms, V opt , is related to the K − -selfenergy, Π K − , inside of a nuclear medium. This relation reads: 
where the K − -self-energy is evaluated at threshold, and ρ p(n) (r) is the proton (neutron) density. Neglecting isovector effects, as we will do in the rest of the paper, the optical potential only depends on ρ(r) = ρ p (r) + ρ n (r). Charge densities are taken from [22] . For each nucleus, we take the neutron matter density approximately equal to the charge one, though we consider small changes, inspired by Hartree-Fock calculations with the DME (density-matrix expansion) [23] . In Table 1 we compile the densities used through this work. 4 However charge (neutron matter) densities do not correspond to proton (neutron) ones because of the finite size of the proton (neutron). We take that into account following the lines of Ref. [4] . As we mentioned in the introduction, the authors of Ref. [10] have developed an optical potential for the K − meson in nuclear matter in a self-consistent microscopic manner. It is based on their previous work [11] on the s-wave meson-baryon dynamics in the S = −1 strangeness sector. There, and starting from the lowest-order meson-baryon chiral Lagrangian, a non-perturbative resummation of the bubbles in the s-channel 5 is performed. Such a resummation leads to an exact restoration of unitarity. The model reproduces successfully the Λ(1405) resonance and the
The results in nuclear matter are translated to finite nuclei by means of the local density approximation, which turns out to be exact for zero-range interactions [24] , which is the case of the s-wave part of the K − -nucleus optical potential for kaonic atoms.
Firstly, we consider the antikaon-selfenergy as given in Ref. [10] , and use it to define, through Eq. (2), what we call V (1) opt . This potential does not have any free parameter, all the needed input is fixed either from studies of meson-baryon scattering in the vacuum or from previous studies of pionic atoms [4] , and thus it is a purely theoretical potential. It consists of s-wave and p-wave contributions. The s-wave part is quite complete, however the pwave one is far from complete and only contains the contributions of Λ-hole and Σ-hole excitations at first order. For high-lying measured kaonic states, calculations of energies and widths with and without this p-wave piece turn out to be essentially undistinguishable, thus in what follows we will ignore the p-wave contribution to V (1) opt . We use V (1) opt to compute the 63 shifts and widths of the considered set of data. The obtained χ 2 per number of data is 3.8, indicating that the agreement is fairly good, taking into account that the potential has no free parameters. To better quantify its goodness, we also construct a modified optical potential, which we call V (1m) opt , by adding to V (1) opt a phenomenological part linear in density, δV fit , characterized by a complex constant δb 0 as follows
2µ δV
where m is the nucleon mass. We determine the unknown parameter δb 0 from a best fit to the previous set of shifts and widths of kaonic atom data, this yields
and the corresponding χ 2 per degree of freedom of the best fit is χ 2 /dof = 1.6. The errors on δb 0 are just statistical and have been obtained by increasing the value of χ 2 by one unit.
As a reference, we also compare these results with the ones obtained from a phenomenological tρ-type potential suggested in Refs. [6, 9] , let us call it V (2) opt (r):
By fitting the complex parameter b 0 in V (2) opt to the same set of data, we obtain
This result is slightly different from the one given in Ref. [1] : b 0 = [(0.62 ± 0.05) + i(0.92 ± 0.05)] fm, because the nuclear-matter densities used in both works are not exactly the same. Now, by comparing δV fit with V (2) opt we have a rough estimate of how far is the theoretical potential V (1) opt from the empirical one V (2) opt . If we compare the result for δb 0 in Eq. (5) to the one for b 0 in Eq. (7), we get
which tells us that δb 0 is substantially smaller than b 0 and hence the theoretical potential, V (1) opt , gives the bulk of the fitted (phenomenological) potential V (2) opt . Of course, this is only true in the range of low densities which are relevant for the measured atomic levels (see the discussion at the end of this section). Besides, the microscopical potential (V (1) opt ) needs, in order to provide a better agreement to data, to have a larger attractive real part, and a smaller absorptive imaginary part. By looking at Eq. (8) one might quantify these deficiencies by about 15% and 30% for the real and imaginary parts respectively. Taking into account that the imaginary part of an optical potential provides an effective repulsion [9] and that from the above discussion the real part of V (1) opt is not as attractive as it should be, it is clear that V (1) opt is less attractive than what can be inferred from the existing kaonic atom data. However it is interesting to note, that despite of this deficiency of attraction, the purely theoretical potential of Ref. [10] provides an acceptable description of the data, which can be better quantified attending to the value of 3.8 obtained for χ 2 per number of data, quoted above, and/or looking at the results in Tables 2-4 . In these tables, we give the results obtained with this potential for shifts and widths and compare them to the experiment and to results computed with different phenomenological potentials obtained from best fits to the data. As can be seen in the tables, the theoretical potential, V (1) opt , quite often predicts too repulsive shifts, and for the lower states it generally predicts too small widths.
In the next sections we will analyze the predictions (energies and widths) of different density dependent optical potentials, all of them describing the known kaonic atom data, for deeply bound atomic as well as nuclear kaonic states . Thus it is worthwhile to consider also the following density dependent potential, V
used in previous studies [6, 9] . In these references, ρ 0 is set to 0.16 fm −3 and the complex parameter b exp 0 is fixed according to the low density limit. Using empirical scattering lengths, it is set to The above potential has three free real parameters to be adjusted: real and imaginary parts of the complex parameter B 0 and the real parameter α. A best fit gives
For the sake of completeness and for a better comparison between potentials, we present in Tables 2-4 the whole set of experimental shifts and widths data used in the fits, together with the results and χ 2 /dof from each of the considered potentials:
opt and
opt , mostly based on the theoretical input of Ref. [10] , gives the best description (smallest χ 2 /dof) of the data. On the other hand, in Fig. 1 we show for 208 Pb, both the real and the imaginary parts of the four potentials studied in this work as a function of r. In both plots, and as reference, the electromagnetic potential, V c , felt by the K − meson is also depicted. Comparisons between the four potentials are of prime importance, because the depth of the real potential in the interior of nuclei determines possible kaon condensation scenarios. Another important feature is the shape of the different potentials in relation to the nuclear density. This information can also be extracted from Fig. 1 just by noting that the V (2) opt potential is proportional to ρ and it is also shown in the plots.
Despite of the fact that, for instance, V
opt and V (2DD) opt have a totally different depths for distances smaller than 5 fm, both potentials give a good description of the measured atomic levels. This is a clear indication that these measured levels should be sensitive to low values of the nuclear density, as can be appreciated in Fig. 2 . There 6 , we show the 7i modulus squared of the K − − 208 Pb reduced radial wave function, u 7i (r), and compare it with the 208 Pb nuclear density (ρ). Though the maximum of |u 7i (r)| 2 is above 30 fm, the overlap of the kaon with the nuclear density reaches its maximum around 6 or 7 fm (see bottom plot). Thus, the atomic data are not sensitive to the values of the optical potentials at the center of the nuclei, but rather to their behavior at the surface. Thus, we consider of interest to amplify the region between 5 and 8 fm in Fig. 1 . This can be found in Fig. 3 , where we see that at the surface all optical potentials are much more similar than at the center of the nucleus. We would like to point out that the two potentials which better described the existing data, V , have practically the same imaginary part above 7 fm. To finish this section we would like to stress that the strong interaction effects in kaonic atoms are highly non-perturbative, as evidenced by the fact that although the level shifts are repulsive (i.e., negative) the real part of the optical potentials is attractive. This is a direct consequence of the absorptive part of the potentials being comparable in magnitude to the real part [6] . 
Deeply bound atomic K − -nucleus levels
We have used the four previous K − -nucleus optical potentials (V Table 5 . Binding energies, B, are practically independent of the used optical potential. Indeed, for a given nucleus and level, B varies at most at the level of one per cent, hence we only present results obtained with the modified Oset-Ramos potential, V (1m) opt . Deeply bound atomic level widths are much more sensitive to the details of the potential, and approximately follow a regular pattern: V (2) opt -widths are the widest, those calculated with the V (2DD) opt potential are narrower than the first ones by a few per cent, as it was previously stated in Ref. [25] . For the deepest states, the V (1m) opt interaction leads to The narrowest widths are obtained with the V (1) opt potential. In Refs. [1] and [9] , and supported by the results obtained from the empirical V (2) opt and V (2DD) opt potentials, a scenario where the deep atomic states are narrow enough to be separated in most cases, except for some overlap in heavy nuclei 7 , was firstly presented. The above discussion and the results presented in Table 5 for the more theoretical founded As we mentioned in the introduction, the overlap of the K − -wave-function and the nucleus is bigger for these low-lying atomic states than for those accessible via the atomic cascade (see Fig. 5 ), and thus the precise determination of their binding energies and widths would provide valuable details of the antikaon-nucleus interaction at threshold. Thus, several nuclear reactions have been already suggested to detect them [20] and [25] . A rough comparison of the typical values in Fig. 5 and those in the bottom panel of Fig. 2 helps us to understand why the typical energy-shifts and widths are of the order of the MeV for deep atomic states while the magnitude of those for high-lying (measured) atomic states was the KeV. The minima of the 1s-atomic modulus squared wave function in Fig. 5 hint the existence of deeper bound states, as it was discussed in Ref. [9] . Those states will be the subject of the next section. Table 5 Total binding energies B, strong shifts ε, and widths Γ of different deeply bound kaonic atom levels. Results for shifts and bindings are only presented for the potential V (1m) opt , whereas for the widths we give the results obtained with the four optical potentials considered in this work: 
Nuclear K − andK 0 states
All four optical potentials defined in the previous sections also have K − -nucleus bound levels much deeper and wider than the deep atomic states presented in Table 5 . We call these levels nuclear states, an enlightening discussion on their nature and differences to the atomic states can be found in Ref. [26] . Those states would not exist if the strong interaction were switched off. To obtain all the nuclear levels for a given optical potential and nucleus, we initially set to zero the imaginary part of the optical potential and switch it on gradually keeping track at any step of the bound levels. We study three different nuclei across the periodic table (carbon, calcium and lead). Results are shown in Table 6 . As can be seen, energies and widths depend greatly on the details of the used potential, however, and because of the enormous widths predicted for all of them, there exist serious doubts not only on the ability to resolve different states but also on their proper existence.
For the case of the atomic states discussed in the previous sections, the net effect of the strong potential was repulsive (negative energy shifts), whereas for these nuclear Table 7 Same as in Table 6 bound states, the resulting effect of the strong potential is attractive, as can be seen in Table 7 where we presentK 0 -nuclear states. Assuming isospin symmetry and neglecting isovector effects, we obtain those neutral antikaon bound states just by switching off the electromagnetic potential. Looking at both tables (6 and 7), we see that the electromagnetic interaction does not affect at all the widths (Γ ) of the deepest states. It has some effects on the binding energies (B), and, in some cases, it is responsible for the existence of some levels for K − and not for theK 0 case. In any case, we are certainly dealing with a highly non-perturbative (non-linear) scenario. For instance, for all nuclei and levels, the widths are more or less the same and only depend significantly on the potential. This behavior is due to the fact that these nuclear wave-functions are totally inside of the nucleus (see for instance 0s and 0g nuclear K − − 208 Pb levels in Fig. 2 ) where all the optical potentials are practically constant and much bigger than the electromagnetic one, as can be seen in Fig. 1 . Thus, the electromagnetic dynamics does not play a crucial role, as it is explicitly shown in Fig. 6 , where we compare K − -andK 0 -nucleus wave functions in 208 Pb. As a matter of fact the width of any of those levels approximately verifies Γ /2 −Im(V opt ) at the center of the nucleus. The theoretical potential of Ref. [10] supplemented by the phenomenological piece δV fit in Eq. (3), leads both to the best description of the measured kaonic atom data and to the narrowest nuclear antikaon states. Indeed, V (1m) opt -widths are about four or five times smaller than the ones predicted by the empirical V (2DD) opt and V (2) opt potentials. Actually, in some cases the V (1m) opt -interaction predicts states such that B + Γ /2 is still negative and thus, they might be interpreted as well defined states.
Conclusions
We have shown that the theoretical potential V (1) opt , recently developed by Ramos and Oset [10] and based on a chiral model, gives an acceptable description of the observed kaonic atom states, through the whole periodic table (χ 2 /dof = 3.8). Furthermore, it also gives quite reasonable predictions (when compared to results obtained from other phenomenological potentials fitted to available data) for the deep kaonic atom states, not yet observed. This is noticeable, because it has no free parameters. Of course, it can be improved by adding to it a small empirical piece which is fitted to the all available kaonic atom data. In this way, we have constructed V (1m) opt , and have used it to both quantify the "deficiencies" of the microscopical potential of Ramos and Oset and also to achieve more reliable predictions for the deeper (atomic and nuclear) bound states not yet detected. From the first kind of studies, we have concluded that at low densities, the combined effect of both real and imaginary parts of the theoretical potential leads to energy shifts more repulsive than the experimental ones. More quantitative results can be drawn from Eq. (8) . Besides, deeply bound atomic state energies and widths obtained with V (1m) opt confirm the existence of narrow and separable states, as pointed out in Ref. [9] , and therefore subject to experimental observation by means of nuclear reactions. However, there exist appreciable differences among the predicted widths for these states, when different potentials are used.
Thus, the detection of such states would shed light on the intricacies of the antikaon behavior inside of a nuclear medium.
Finally, we have calculated nuclear antikaon states, for which the electromagnetic dynamics does not play a crucial role. There, we are in highly non-perturbative regime and their widths depend dramatically on the used potential, but they do not depend on the nucleus or level. However, because of the huge values found for the widths, one might have some trouble in identifying them as states. In any case, V (1m) opt leads to the narrowest states, and in some cases and using l-selective nuclear reactions one might resolve some states (for instance the ground state in 40 Ca, see Tables 6 and 7) .
To end the paper, we would like to point out, that one should be cautious when interpreting results and conclusions drawn for the deep atomic and nuclear states, not yet detected. For instance, though it is commonly accepted that p-wave and isovector corrections to the optical potential have little effect at the low densities explored by the available data, it is not necessarily true at the higher densities explored by deeper bound states.
